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The distribution of a gluon condensate in a flux tube is calculated. The result is that the chromo-
electric fields are confined with a surrounding coset chromomagnetic field. Such picture presents the
concrete realization of dual QCD model in a scalar model of the flux tube. In the scalar model the
SU(3) gauge fields are separated on two parts: (1) is the SU(2) ⊂ SU(3) subgroup, (2) is the coset
SU(3)/SU(2). The SU(2) degrees of freedom are almost classical and the coset degrees of freedom
are quantum ones. A nonperturbative approach for the quantization of the coset degrees of freedom
is applied. In this approach 2-point Green’s function is a bilinear combination of scalar fields and
4-point Green’s function is the product of 2-points Green’s functions. The gluon condensate is an
effective Lagrangian describing the SU(2) gauge field with broken gauge symmetry and coupling
with the scalar field. Corresponding field equations give us the flux tube.
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I. INTRODUCTION
The problem of quark confinement has been one of the central problem of the high energy physics for years, where
according to the dual QCD picture the QCD vacuum behaves like a dual superconductor and the condensation of
monopoles plays a vital role in the whole confinement mechanism. In the dual picture of QCD [1], the monopoles
get condensed and an Abrikosov vortex is formed between quark - antiquark, which gives rise to the infinitely rising
linear confining potential. For review of dual QCD, see [2].
One of the problems in a nonperturbative QCD is the determination of the condensates of the QCD vacuum. It
is well known that the condensates can only be determined in a nonperturbative formulation of the QCD. There is a
long history of attempts to determine the gluon condensate from first principles [3].
The problem of the quantization of strong interaction is the problem of a nonperturbative quantization. The solution
of this problem is connected with the search of nonperturbative technique. It means that in the nonperturbative
quantization technique we must exclude the words quantum particles, propagators and so on, i.e. all words connected
with the perturbative technique (Feynman diagrams).
In this paper we calculate the gluon condensate of flux tube and show that the dual QCD picture is realized in a scalar
model of flux tube between quark - antiquark. In this model the SU(3) gauge potential ABµ ∈ SU(3), B = 1, 2, · · · , 8
is separated on two parts:
• the first one is the gauge components Abµ ∈ SU(2) ⊂ SU(3), b = 1, 2, 3 which is in a classical state;
• the second one is Amµ ∈ SU(3)/SU(2),m = 4, 5, 6, 7, 8 and it is in a quantum state.
One can say that Abµ is in an ordered phase and A
m
µ is in a disordered phase. The effective Lagrangian for such system
(which up to a sign is the SU(3) gluon condensate) can be obtained using nonperturbative quantization method with
some assumptions and approximations (see [4] for the application of this method for a glueball scalar model). Briefly
saying in the scalar model the 2-point Green’s function of color quantum field can be approximately presented as
the product of scalar fields with some coefficients having color and Lorentzian indixes. 4-point Green’s function is
decomposed as the product of two 2-point Green’s functions.
One can say that the quantum strongly interacting fields are not a cloud of quanta but is more similar to a turbulent
fluid with a non-zero mean velocity and fluctuations about it. In QCD it corresponds to a longitudinal chromoelectric
field in the flux tube and quantum fluctuations of the gauge field.
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2II. FLUX TUBE SOLUTION
In Appendix A we have obtained an effective Lagrangian (which is up to a sign the SU(3) gluon condensate)
describing the situation where there are ordered and disordered phases
Leff =
〈
LSU(3)
〉
= −
1
4g2
〈
FˆBµνFˆBµν
〉
= −
1
4g2
F aµνF
aµν +
1
2
Eµν |φ,µ|
2
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where F aµν = ∂µA
a
ν − ∂νA
a
µ + ǫ
abcAbµA
c
ν is the SU(2) field strength; a, b, c = 1, 2, 3 are the SU(2) color indexes; ǫ
abc
are the structure constants for the SU(2) gauge group and g is the coupling constant. We do not know the values of
coefficients E,D,M2, B1,2 and for the simplicity we choose their in the form
Eµν =δ
µ
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Dabνµ =δ
abδνµ,(
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)abν
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(2)
Then the effective Lagrangian is
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The field equations are
1
4g2
DνF
aµν =
(
|φ|
2
−m2a
)
Aaµ, no summation over a, (4)
φ;µ,µ = −λφ
(
|φ|
2
− φ2
∞
)
+AaµA
aµφ. (5)
The solution we search in the following form
A1t (ρ) = f(ρ); A
2
z(ρ) = v(ρ); φ(ρ) = φ(ρ) (6)
here z, ρ, ϕ are cylindrical coordinate system. The substitution into equations (4) (5) gives us
f ′′ +
f ′
x
= f
(
φ2 + v2 −m21
)
, (7)
v′′ +
v′
x
= v
(
φ2 − f2 −m22
)
, (8)
φ′′ +
φ′
x
= φ
[
−f2 + v2 + λ
(
φ2 − µ2
)]
(9)
here we redefined gφ/φ(0) → φ, f/φ(0) → f , v/φ(0) → v, gφ∞/φ(0) → µ, gm1,2/φ(0) → m1,2, ρ
√
φ(0) → x. The
color electric and magnetic fields are
F 1tρ = −f
′, F 2zρ = −v
′, F 3tz = fv. (10)
For the numerical calculations we choose the following parameters values
λ = 0.1, φ(0) = 1, v(0) = 0.5, f(0) = 0.2. (11)
We apply the methods of step by step approximation for finding of numerical solutions (the details of similar calcu-
lations can be found in Ref. [5]). The numerical calculations give us the eigenvalues m∗1 ≈ 1.23258, m
∗
2 ≈ 1.18069,
µ∗ ≈ 1.3136 and eigenfunctions v∗(x), f∗(x), φ∗(x). The numerical solution is presented in Fig’s. 1 - 2. One can show
that the flux of the chromoelectric field is nonzero
Φ = 2π
∞∫
0
ρF 3tzdρ 6= 0. (12)
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FIG. 1: The functions f∗(x), v∗(x), φ∗(x)
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FIG. 2: The profiles of color fields F 1tρ(x) = −f
′, F 2zρ(x) =
−v′, F 3tz(x) = f(x)v(x).
III. THE GLUON CONDENSATE DISTRIBUTION IN THE FLUX TUBE
The distribution of the gluon condensate
〈
FAµνF
Aµν
〉
in the flux tube can be found from the effective Lagrangian
(3). The coset gluon condensate is
G = −Leff =
〈
HAµH
Aµ
〉
−
〈
EAµ E
Aµ
〉
(13)
where EAµ ,H
A
µ are chromoelectric and chromomagnetic fields. We see that if G(x) < 0 then in this area the chromo-
electric field is predominant but if G(x) > 0 then the chromomagnetic field is predominant. The substitution of the
ansatz (6) into the gluon condensate (13) gives us following
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2
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4
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)2
. (14)
The profile of G(x) is presented in Fig. 3 and in Fig. 4 one can see a schematical presentation of the flux tube with
the distribution of chromoelectric and chromomagnetic fields. We see that the flux tube has a core (in blue) where the
quantum fluctuations of chromoelectric field and the longitudinal classical chromoelectric field E3z are concentrated.
These chromoelectric fields are confined by a belt (in red) filled with the chromomagnetic field. That is exactly what
us say the dual QCD model: In the dual superconductor picture of the QCD vacuum, chromomagnetic monopoles
(creating chromomagnetic field) condense into dual Cooper pairs, causing chromoelectric flux to be squeezed into
tubes. In this connection one can note that: (a) in Ref. [6] it is derived the string representation of field correlators
and it is shown that the obtained results are in agreement with the stochastic model of QCD vacuum; (b) it is possible
that the gluon condensate is created not only by monopoles but dyons also [7].
IV. DISCUSSION AND CONCLUSIONS
Here we have shown that using nonperturbative quantization technique one can obtain a flux tube connecting
quark - antiquark. In such tube a longitudinal chromoelectric field and quantum fluctuations of chromoelectric and
chromomagnetic fields are presented. In our approximation the fluctuations of quantum gauge fields with a scalar field
are described: 2-point Green’s function is a bilinear combination of the scalar fields. The proportionality coefficients
carry on themselves color and Lorentzian indexes. 4-point Green’s function is the product of 2-point Green’s functions.
In this approximation one can average SU(3) Lagrangian and obtain an effective Lagrangian, i.e. to calculate gluon
condensate. The effective Lagrangian describes SU(2) gauge field with broken gauge symmetry and coupling to the
scalar field.
In the presented model the SU(3) gauge field is separated on ordered (almost classical SU(2) gauge field) and
disordered (quantum gauge fields belonging to the coset SU(3)/SU(2)) phases. The ordered phase is the longitudi-
nal chromoelectric field. The disordered phase is the coset gluon condensate. We have found that the SU(3) gluon
condensate in the flux tube has interesting space distribution: (a) at the core of the flux tube are the SU(2) longitu-
dinal chromoelectric field and the quantum fluctuating coset chromoelectric field, (b) round the core is the quantum
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FIG. 3: The SU(3) gluon condensate G(x). 1 is the area
where chromoelectric fields are predominant. 2 is the area
where chromomagnetic fields are predominant.
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FIG. 4: Sketchy description of the distributions of chro-
moelectric and chromomagnetic fields: (1) blue is the re-
gion where the chromoelectric field is predominant and
(2) red is the region where the chromomagnetic field is
predominant.
fluctuating coset chromomagnetic field. Such distribution confirms the dual QCD picture: the chromomagnetic field
confines the chromoelectric fields into the tube.
Thus the correctness of the presented approach are completely borne out by two conclusions: (a) the flux tube
solution is obtained, (b) the distribution of gluon condensate in flux tube is in agreement with the dual QCD picture.
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Appendix A: The calculation of gluon condensate - effective Lagrangian
The SU(3) Lagrangian is
LSU(3) = −
1
4g2
FBµνFBµν (A1)
where FBµν = ∂µA
B
ν − ∂νA
B
µ + gf
BCDACµA
D
ν is the field strength; B,C,D = 1, . . . , 8 are the SU(3) color indices;
a, b, c = 1, 2, 3 are SU(2) color indices; m,n, p = 4, 5, · · · , 8 are coset indices; g is the coupling constant; fBCD are the
structure constants for the SU(3) gauge group and g is the coupling constant.
Our goal is to average quantum version of the Lagrangian (A1) which is up to a sign the SU(3) gluon condensate
〈
LSU(3)
〉
= −
1
4g2
〈
FˆBµνFˆBµν
〉
(A2)
with some approximations concerning to 2 and 4-point Green’s function
Gmnµν (x1, x2) =
〈
Aˆmµ (x1)Aˆ
n
ν (x2)
〉
, (A3)
Gmnpqµνρσ (x1, x2, x3, x4) =
〈
Aˆmµ (x1)Aˆ
n
ν (x2)Aˆ
p
ρ(x3)Aˆ
q
σ(x4)
〉
(A4)
5where 〈· · · 〉 is a quantum averaging over some quantum state |ψ〉, and Aˆmµ ∈ SU(3)/SU(2),m = 4, 5, · · · , 8 in (A3)
(A4) are the operators but Abµ ∈ SU(2), b = 1, 2, 3 are classical degrees of freedom. Below we will omit the operator
symbol (·̂ · ·).
Taking into account that
Faµν = F
a
µν + f
amnAmµ A
n
ν , (A5)
Fmµν = (F0)
m
µν + f
mpqApµA
q
ν + f
mnb
(
AnµA
b
ν −A
n
νA
b
µ
)
(A6)
we have
FBµνF
Bµν =F aµνF
aµν + 2famnF aµνA
mµAnν + famnfapqAmµ A
n
νA
pµAqν+
(F0)
m
µν (F0)
mµν
+ fmpqfmrsApµA
q
νA
rµAsν + fmnafmpb
(
AnµA
a
ν −A
n
νA
a
µ
) (
ApµAbν −ApνAbµ
)
+
famn
[
(F0)
m
µν A
pµAqν +ApµA
q
ν (F0)
mµν
]
+
fmna
{
(F0)
m
µν (A
nµAaν −AnνAaµ) +
(
AnµA
a
ν −A
n
νA
a
µ
)
(F0)
mµν
}
fmpqfmna
[
ApµA
q
ν (A
nµAaν −AnνAaµ) +
(
AnµA
a
ν −A
n
νA
a
µ
)
ApµAqν
]
(A7)
where F aµν = ∂µA
a
ν − ∂νA
a
µ + f
abcAbµA
c
ν ∈ SU(2) ⊂ SU(3); (F0)
m
µν = ∂µA
m
ν − ∂νA
m
µ . For the calculation of the
gluon condensate we need some information about 2 and 4-points Green’s functions. We will assume that in our
approximation
(G2)
mn
µν (x1, x2) =
〈
Amµ (x1)A
n
ν (x2)
〉
≈ Cmnµν φ(x1)φ
∗(x2) + m˜
mn
µν , (A8)〈
Amµ (x1)A
n
ν (x2)A
p
ρ(x3)A
q
σ(x4)
〉
≈
〈
Amµ (x1)A
n
ν (x2)
〉 〈
Apρ(x3)A
q
σ(x4)
〉
(A9)
with following properties
Cmnµν = C
mn
νµ , (A10)
m˜mnµν = m˜
mn
νµ . (A11)
The ansatz (A8) (A9) is similar to a model in which the QCD vacuum is simulated by a stochastic background field
[8] [10]. The difference is that we use the ansatz (A8) (A9) for the calculation of an effective Lagrangian describing
the scalar field describing 2-point Green’s function.
Using (A8) one calculate
〈(∂µA
m
ν (x))A
n
α(x)〉 =
∂
∂yµ
〈Amν (y)A
n
α(x)〉
∣∣∣∣
y→x
= Cmnνα ∂µφ(x)φ
∗(x). (A12)
For the calculation of the gluon condensate (A2) we need to take into account the decomposition (A7) and the form
for 2 and 4-point Green’s functions (A8) (A9). At first we will calculate
F aµνA
mµAnν = 0 (A13)
as F aµν = −F
a
νµ is antisymmetric but (G2)
mn
µν = (G2)
mn
νµ is symmetric. Using (A8) (A9) we have
famnfapq
〈
Amµ A
n
νA
pµAqν
〉
= λ1
(
|φ|
2
− φ2
∞
)2
+ C1 (A14)
where λ1 = f
amnfapqCmnµν C
pqµν ; −2φ2
∞
λ1 = f
amnfapq
[
Cmnµν m˜
pqµν + Cpqµνm˜mnµν
]
and φ4
∞
λ1 + C1 =
famnfapqm˜mnµν m˜
pqµν . The same for
fmpqfmrs
〈
ApµA
q
νA
rµAsν
〉
= λ2
(
|φ|
2
− φ2
∞
)2
+ C2 (A15)
where λ2 = f
mpqfmrsCpqµνC
rsµν ; −2φ2
∞
λ2 = f
mpqfmrs
[
Cpqµνm˜
rsµν + Crsµνm˜pqµν
]
and φ4
∞
λ2 + C2 =
fmpqfmrsm˜pqµνm˜
rsµν . Next is the calculation of〈
(F0)
m
µν (F0)
mµν
〉
= 2Cmmµµ |φ,µ|
2 − 2Cmmµν φ,µφ
∗ν = −2Eµν φ,µφ
∗ν . (A16)
6The next is
fmnafmpb
〈(
AnµA
a
ν −A
n
νA
a
µ
) (
ApµAbν −ApνAbµ
)〉
=
(
C˜abδνµ − C˜
abν
µ
)
AaνA
bµ |φ|
2
+[
mabδνµ −m
abν
µ
]
AaνA
bµ = −2Dabνµ A
a
νA
bµ |φ|
2
+ 2
(
M2
)abν
µ
AaνA
bµ
(A17)
where C˜ab = 2fmnafmpbCnpµµ ; C˜
abν
µ = 2f
mnafmpbCnpνµ ; m
ab = 2fmnafmpbm˜npµµ and m
abν
µ = 2f
mnafmpbm˜npνµ . The
next is
fmna
〈
(F0)
m
µν (A
nµAaν −AnνAaµ) +
(
AnµA
a
ν −A
n
νA
a
µ
)
(F0)
mµν
〉
=
2fmnaAaν
[
(Cmnµν − C
mnα
α δ
µ
ν )φ
∗φ,µ + (C
nmµ
ν − C
nmα
α δ
µ
ν )φφ
∗
,µ
]
= 2Aaν
[
(B1)
aµ
ν φ
∗φ,µ + (B2)
aµ
ν φφ
∗
,µ
] (A18)
The next is 〈
ApµA
q
ν (A
nµAaν −AnνAaµ) +
(
AnµA
a
ν −A
n
νA
a
µ
)
ApµAqν
〉
= 0 (A19)
as we assume as usually that schematically (Am
···
)3 = 0. Collecting all together we have
〈
LSU(3)
〉
= −
1
4g2
〈
FˆBµνFˆBµν
〉
= −
1
4g2
F aµνF
aµν +
1
2
Eµν φ,µφ
∗ν −
λ
4
(
|φ|2 − φ2
∞
)2
+
1
2
Dabνµ A
a
νA
bµ |φ|2 −
1
2
(
M2
)abν
µ
AaνA
bµ +
1
2
Aaν
[
(B1)
aµ
ν φ
∗φ,µ + (B2)
aµ
ν φφ
∗
,µ
] (A20)
here we have redefined φ/g → φ and g2(λ1 + λ2) → λ. All coefficients E, λ, φ∞, D,M
2, B1,2 are linear or bilinear
combinations of C···
···
and m˜···
···
and we omit unessential constant. Finally we have the Lagrangian describing SU(2)
gauge theory coupling to a scalar field. Let us note that the sum
1
2
Eµν φµφ
∗ν +
1
2
Aaν
[
(B1)
aµ
ν φ
∗φ,µ + (B2)
aµ
ν φφ
∗
,µ
]
+
1
2
Dabνµ A
a
νA
bµ |φ|2 (A21)
is similar to the kinetic term for a color scalar field in corresponding Lagrangian
Dµφ
aDµφ∗a =
∣∣∂µφa + ǫabcAbµφc∣∣2 . (A22)
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